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On extensions of algebraic groups with finite quotient 


Michel Brion 


Abstract 

We obtain a lifting property for finite quotients of algebraic groups, and appli¬ 
cations to the structure of these groups. 


1 Introduction 

Consider an extension of algebraic groups, that is, an exact sequence of group schemes of 
hnite type over a field, 

( 1 ) 1 - ^ N - ^ G Q -^ 1. 

Such an extension is generally not split, i.e., / admits no section which is a morphism of 
group schemes. In this note, we obtain the existence of a splitting in a weaker sense, for 
extensions with hnite quotient group: 

Theorem 1.1. Let G be an algebraic group over a field k, and N a normal subgroup of G 
such that G/N is finite. Then there exists a finite subgroup F of G such that G = N ■ F. 

Here N ■ F denotes, as in |SGA3t VIA.5.3.3], the quotient of the semi-direct product 
N yi F hj N n F embedded as a normal subgroup via x {x, If G/N is etale and 
k is perfect, then the subgroup F may be chosen etale as well. But this fails over any 
imperfect held k, see Remark [331 for details. 

In the case where G is smooth and k is perfect, Theorem 11.11 was known to Borel and 
Serre, and they presented a proof over an algebraically closed held of characteristic 0 (see 
|BS64i Lem. 5.11 and footnote on p. 152]). That result was also obtained by Platonov 
for smooth linear algebraic groups over perfect helds (see |P168l Lem. 4.14]). In the 
latter setting, an ehective version of Theorem 11.11 has been obtained recently by Lucchini 
Arteche; see |LA15l Thm. 1.1], and |LA14t Prop. 1.1]), |CGR08( p. 473], |LMMR13t 
Lem. 5.3] for earlier results in this direction. 

Returning to an extension CQl with an arbitrary quotient Q, one may ask whether 
there exists a subgroup FI oi G such that G = N ■ H and V fl 77 is hnite (when Q is 
hnite, the latter condition is equivalent to the hniteness of 77). We then say that ([T]) is 
guasi-split, and 77 is a guasi-complement of N in G, with defect group N H H. 

When Q is smooth and N is an abelian variety, every extension ([T]) is quasi-split 
(as shown by Rosenlicht; see |Ro56l Thm. 14], and [Mil3l Sec. 2] for a modern proof). 
The same holds when Q is reductive (i.e., Q is smooth and affine, and the radical of 
Qfc is a torus), N is arbitrary and char(/c) = 0, as we will show in Gorollarv 14.81 On 
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the other hand, the group G of unipotent 3x3 matrices sits in a central extension 
1—j-G—which is not quasi-split. It would be interesting to determine 
which classes of groups N, Q yield quasi-split extensions. Another natural problem is 
to bound the defect group in terms of N and Q. The proof of Theorem 11.11 yields some 
information in that direction; see Remark 13.41 and |LA15j for an alternative approach via 
nonabelian Galois cohomology. 

This article is organized as follows. In Section [21 we begin the proof of Theorem 11.11 
with a succession of reductions to the case where Q = G/N is etale and A^ is a smooth 
connected unipotent group, a torus, or an abelian variety. In Section [3l we show that 
every class of extensions ([1]) is torsion in that setting fLemma 13.11) : this quickly implies 
Theorem 11.11 Section 0] presents some applications of Theorem 11.11 to the structure of 
algebraic groups: we obtain analogues of classical results of Chevalley, Rosenlicht and 
Arima on smooth connected algebraic groups (see |Ro56l lArGOl IRoGlj ) and of Mostow 
on linear algebraic groups in characteristic 0 (see |Mo5G] ). Finally, we show that every 
homogeneous space under an algebraic group admits a projective equivariant compactih- 
cation; this result seems to have been unrecorded so far. It is well-known that any such 
homogeneous space is quasi-projective (see |Ra70[ Cor. VI.2.G]); also, the existence of 
equivariant compactihcations of certain homogeneous spaces having no separable point at 
inhnity has attracted recent interest (see e.g. [G^IGGMT3] L 


2 Proof of Theorem 11.11: some reductions 


We hrst £x notation and conventions, which will be used throughout this article. We 
consider schemes and their morphisms over a held A:, and choose an algebraic closure 
k. Given a scheme X and an extension K/k oi fields, we denote by Xk the iF-scheme 
obtained from X by the base change Spec(iF) —)■ Spec(fc). 

We use mostly |SGA3j . and occasionally |DG70j . as references for group schemes. 
Given such a group scheme G, we denote by G G{k) the neutral element, and by G° 
the neutral component of G, with quotient map tt : G ^ G/G^ = 7ro(G). The group law 
of G is denoted by /i : G x G —)■ G, {x,y) xy. 

Throughout this section, we consider an extension ([1]) and a subgroup F of G. Then 
the map 

u : N >i F —)■ G, {x, y) i —xy 

is a morphism of group schemes with kernel VflF, embedded in V x F via x i—)■ (x, x~^). 
Thus, V factors through a morphism of group schemes 

l-.N-F —^ G. 


Also, the composition F G ^ G/N factors through a morphism of group schemes 

i : F/{NnF) —^ G/N. 

By |SGA3[ VIA.5.4], l and i are closed immersions of group schemes. 

Lemma 2.1. The following conditions are equivalent: 
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(i) L is an isomorphism. 

(ii) i is an isomorphism. 

(iii) u is faithfully fiat. 

(iv) For any scheme S and any g G G{S), there exists a faithfully fiat morphism of finite 
presentation f : S' ^ S and x G N{S'), y G F{S') such that g = xy in G{S'). 

When G/N is smooth, these conditions are equivalent to: 

(v) G{k) =N{k)F{k). 

Proof. Recall that i factors through an isomorphism F/{Nr\F) {N ■F)/N (see |SGA31 
VIA.5.5.3]). Thus, we obtain a commutative diagram 


N-F G 




/ 


F/{NnF) G/N, 


where both vertical arrows are V-torsors for the action of N by right multiplication. As 
a consequence, this diagram is cartesian. In particular, i is an isomorphism if and only if 
so is i; this yields the equivalence (i) (ii). 

(i) (iii): Since u is identihed with the quotient map of N >i F hy NnF, the assertion 
follows from |SGA31 VIA.3.2]. 

(iii) (iv): This follows by forming the cartesian square 


^ R 

9 

V X F G 


and observing that u is of hnite presentation, since the schemes G, N and F are of hnite 
type. 

(iv) ^ (i): By our assumption applied to the identity map G ^ G, there exists a 
scheme S' and morphisms x : S' ^ N, y : S' ^ F such that the morphism u o [x x y) : 
N X F ^ G is faithfully flat of hnite presentation. As a consequence, the morphism of 
structure sheaves Oq —t z^*(a; x y)*{Os') is injective. Thus, so are Oq —t i^*(C>Arx,i?), and 
hence Og —t i^^iON-p)- Since i is a closed immersion, it must be an isomorphism. 

When G/N is smooth, i is an isomorphism if and only if it is surjective on fc-rational 
points. Since {G/N){k) = G{k)/N{k) and likewise for F/{N H F), this yields the equiva¬ 
lence (ii) (v). □ 

We assume from now on that the quotient group Q in the extension ([1]) is finite. 

Lemma 2.2. If the exact sequence 1 —)■ H ^ —)■ 1 is quasi-split for any 

smooth algebraic group H such that dim(iJ) = dim(G), then (Q]) is quasi-split as well. 

Proof. Gonsider hrst the case where G is smooth. Then Q is etale, and hence N contains 
By our assumption, there exists a hnite subgroup F (Z G such that G = G^ ■ F. In 
view of Lemma [2.II (iv), it follows that G = N ■ F. 
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If char(fc) = 0, then the proof is completed as every algebraic group is smooth (see 
e.g. |SGA31 VIB. 1.6.1]). So we may assume that char(A;) = p > 0. Consider the n-fold 
relative Frobenius morphism 

F^:G ^ 

and its kernel Gn- Then Fq is finite and bijective, so that Gn is an infinitesimal normal 
subgroup of G. Moreover, the quotient G/Gn is smooth for n 3> 0 (see |SGA3i VIIA.8.3]). 
We may thus choose n so that G/Gn and N/Nn are smooth. The composition A^ —)■ G —)■ 
G/Gn factors through a closed immersion of group schemes N/Nn —t G/Gn by |SGA31 
VIA.5.4] again. Moreover, the image of N/Nn is a normal subgroup of G/Gn, as follows 
e.g. from our smoothness assumption and |SGA3( VIB.7.3]. This yields an exact sequence 

1 ^ N/Nn G/Gn ^ Q' ^ 1, 

where Q' is a quotient of Q and hence is finite; moreover, dim(G/G„) = dim(G). By 
our assumption and the hrst step, there exists a hnite subgroup F' of G/Gn such that 
G/Gn = [N/Nn) ■ F'■ In view of |SGA3( VIA.5.3.1], there exists a unique subgroup F of 
G containing Gn such that F/Gn = F'] then F is hnite as well. 

We check that G = N ■ F \yy using Lemma 12.11 (iv) again. Let S' be a scheme, and 
g G G[S). Then there exists a faithfully hat morphism of hnite presentation S' ^ S 
and x' e [N/Nn)[S'), y' G F'[S') such thatF^( 5 f) = x'y' in [G/Gn)[S'). Moreover, 
there exists a faithfully hat morphism of hnite presentation S" —?• S' and x" G N[S"), 
y" G F[S") such that Fq[x") = x' and FQ[y") = y'. Then y"~^x"~^g G G„(S'"), and 
hence g G N[S")F[S"), since F contains Gn- □ 

Remark 2.3. With the notation of the proof of Lemma [2.21 there is an exact sequence 
of quasi-complements 

1-^Gn-^F ^F' ^1. 

When V = G°, so that Gn C N, we also have an exact sequence of defect groups 

1 — >Gn — >NnF —^ (N/Gn) nF' —^ 1. 

By Lemma [2.21 it suffices to prove Theorem 11.11 when G is smooth and N = G°, so 
that Q = 7ro(G). We may thus choose a maximal torus T of G, see |SGA31 XIV. 1.1]. 
Then the normalizer Ng[T) and the centralizer Zg[T) are (represented by) subgroups 
of G, see |SGA3[ VIB.6.2.5]). Moreover, Ng[T) is smooth by |SGA3[ XL2.4]. We now 
gather further properties of Ng{T): 

Lemma 2.4. (i) G = G° ■ Ng[T). 

(ii) Ng{T)^ = Zgo{T). 

(hi) We have an exact sequence 1 IF(G°,T) —)■ 71 q[Ng[T)) —)■ 7ro(G) 1, where 
hF(G°,T) := Ngo[T)/Zgo[T) = tio[Ngo[T)) denotes the Weyl group. 

Proof, (i) By Lemma I^TTl (v), it suffices to show that G{k) = G^(k)NG{T)(k). Let x G 
G{k), then xTx~^ is a maximal torus of G^(k), and hence xTx~^ = yTy~^ for some 
y G G°(fc). Thus, X G yNG[T)[k), which yields the assertion. 
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(ii) We may assume that k is algebraically closed and G is connected (since Nq{TY = 
Nqo{T)^). Then Zq{T) is a Cartan subgroup of G, and hence equals its connected nor- 
malizer by |SGA3( XI1.6.6]. 

(hi) By (i), the natural map Ng{T)/Ngo{T) —)■ 7ro(G) is an isomorphism. Combined 
with (ii), this yields the statement. □ 

Remark 2.5. If Ng{T) = Ng{T)^ ■ F for some subgroup F C Ng(T), then G = ■ F 

by Lemmas 12.11 and 12.41 Moreover, the commutative diagram of exact sequences 

1 ^Ng{t)^ n f^f-^mNg{t))^ 1 

id 

1 GO n F ^F^ 7ro(G) ^ 1 

together with Lemma [2.41 yields the exact sequence 

1 Zgo(T) nF ^ GOrF ^ W{G\T) 1. 

In view of Lemma [2.11 (iv) and Lemma [2.41 (i), it suffices to prove Theorem 11.11 under 
the additional assumption that T is normal in G. Then T is central in GO, and hence 
G^ is nilpotent by |SGA3[ XIL6.7]. It follows that GO is nilpotent, in view of |SGA3 
VIB.8.3]. To obtain further reductions, we will use the following: 

Lemma 2.6. Let N' be a normal subgroup ofG contained in N. Assume that the resulting 
exact seguence 1 —)■ N/N' —)-G/A^'—)-Q—)-l is guasi-split, and that any exact seguence 
of algebraic groups 1 —)■ X' —)■ G' —)■ Q' —)■ 1, where Q' is finite, is guasi-split as well. 
Then ([ip is guasi-split. 

Proof. By assumption, there exists a hnite subgroup F' of G/N' such that G/N' = 
{N/N') ■ F'. Denote by G' the subgroup of G containing N' such that G'/N' = F'. By as¬ 
sumption again, there is a hnite subgroup F of G' containing N' such that G' = N'-F. We 
check that G = X ■ F by using Lemma I2?T] fivL Let S' be a scheme, and g G G(S); denote 
by /' : G —)■ G/N' the quotient map. Then there exists a faithfully hat morphism of hnite 
presentation S' ^ S and x G {N/N'){S'), y G F'{S') such that f'{g) = xy in {G/N'){S'). 
Moreover, there exists a faithfully hat morphism of hnite presentation S" —)■ S' and 
z G N{S"), w G G'(S'") such that f'{z) = x and f'{w) = y. Then w~^z~^g G N'{S"), and 
hence g G N{S")G'{S"), as G' contains N'. This shows that G = N ■ G' = N ■ {N' ■ F). 
We conclude by observing that N ■ {N' ■ F) = N ■ F, in view of Lemma [2. II fivl again. □ 

Remark 2.7. With the notation of the proof of Lemma [2.61 we have an exact sequence 
1 —)• A^' —)• G' = A^' • F —)■ F' —)■ 1, and hence an exact sequence of quasi-complements 

1 — >N'nF —>F —^ F' ^ 1. 

Moreover, we obtain an exact sequence 1 —)■ A^' —)■ A^ fl G' —)■ {N/N') fl F' —)■ 1, by using 
|SGA31 VIA.5.3.1]. Since A^ fl G' = A^ fl {N' ■ F) = N' ■ {N (IF), where the latter equality 
follows from Lemma [2T] (iv), this yields an exact sequence of defect groups 

1 —> N'nF —^A^nF —^ {N/N') n F' —^ 1. 
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Next, we show that it suffices to prove Theorem 11.11 when is assumed in addition 
to be commutative. 

We argue by induction on the dimension of G (assumed to be smooth, with nilpo- 
tent). If dim(G) = 1, then G^ is either a /c-form of Ga or Gm, or an elliptic curve; in 
particular, G^ is commutative. In higher dimensions, the derived subgroup D{G^) is a 
smooth, connected normal subgroup of G contained in and the quotient G^/D{G^) 
is commutative of positive dimension (see |SGA3( VIB.7.8, 8.3]). Moreover, G/D{G^) is 
smooth, and tiq{G/D{G^)) = 7ro(G). By the induction assumption, it follows that the 
exact sequence 1 —)■ G^/D{G^) —?• G/D{G^) —?• 7ro(G) —)■ 1 is quasi-split. Also, every 
exact sequence 1 —?• D{G^) —?• G' —?• Q' —?■ 1, where Q' is hnite, is quasi-split, by the in¬ 
duction assumption again together with Lemma 12.21 Thus, Lemma 12.61 yields the desired 
reduction. 

We now show that we may further assume G° to be a torus, a smooth connected 
commutative unipotent group, or an abelian variety. 

Indeed, we have an exact sequence of commutative algebraic groups 

1 —>T —^ G° —>H —^ 1, 

where T is the maximal torus of G°, and H is smooth and connected. Moreover, we have 
an exact sequence 

I, 

where Hi is a smooth connected affine algebraic group, and H 2 is a pseudo-abelian variety 
in the sense of [Tol3j . i.e., H 2 has no nontrivial smooth connected affine normal subgroup. 
Since Hi contains no nontrivial torus, it is unipotent; also, H 2 is an extension of a smooth 
connected unipotent group by an abelian variety A, in view of |Tol31 Thm. 2.1]. Note 
that T is a normal subgroup of G (the largest subtorus). Also, Hi is a normal subgroup 
of G/T (the largest smooth connected affine normal subgroup of the neutral component), 
and A is a normal subgroup of {G/T)/Hi as well (the largest abelian subvariety). Thus, 
arguing by induction on the dimension as in the preceding step, with D{G^) replaced 
successively by T, Hi and A, yields our reduction. 

When G° is unipotent and char(fc) = p > 0, we may further assume that G° is killed 
by p. Indeed, by |SGA3t XVIL3.9], there exists a composition series {ec} = Gq C Gi C 
■ ■ ■ C Gn = G° such that each Gj is normal in G, and each quotient Gi/Gj_i is a fc-form of 
some (Ga)'’L in particular, Gi/Gi-i is killed by p. Our hnal reduction follows by induction 
on n. 
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Proof of Theorem 11.11 : extensions by commutative 


groups 


In this section, we consider smooth algebraic groups Q, N such that Q is hnite and N is 
commutative. Given an extension ([T]), the action of G on V by conjugation factors through 
an action of Q by group automorphisms that we denote by (x, y) i—)■ y^, where x E Q and 
y E N. Recall that the isomorphism classes of such extensions with a prescribed Q-action 
on N form a commutative (abstract) group, that we denote by Ext^(Q, V); see |SGA3 
XVII.App. I] (and |DG7n] III.6.1] for the setting of extensions of group sheaves). 
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Lemma 3.1. With the above notation and assumptions, the group N) is torsion. 

Proof. Any extension ([T]) yields an A^-torsor over Q for the etale topology, since Q is 
finite and etale. This dehnes a map r : Ext^(Q,A^) —)■ Hl^(Q,N), which is a group 
homomorphism (indeed, the sum of any two extensions is obtained by taking their direct 
product, pulling back under the diagonal map Q ^ Q xQ, and pushing forward under the 
multiplication N x N ^ N, and the sum of any two torsors is obtained by the analogous 
operations). The kernel of r consists of those classes of extensions that admit a section 
(which is a morphism of schemes). In view of |SGA31 XVII.App. 1.3.1], this yields an 
exact sequence 


0 HH\Q,N) Pxt\Q,N) ^ Hl,{Q,N), 


where HH^ stands for Hochschild cohomology (denoted by if* in |SGA3] . and by in 
|DG7nj h Moreover, the group iijt(Q, N) is torsion (as follows e.g. from |Ro561 Thm. 14]), 
and N) is killed by the order of Q, as a special case of |SGA3t XVII.5.2.4]. □ 


Remark 3.2. The above argument yields that Ext^(Q, V) is killed by md if Q is hnite 
etale of order m, and V is a torus split by an extension of k of degree d. Indeed, we just 
saw that N) is killed by m; also, iiJ^.(Q, N) is a direct sum of groups of the form 

N) for hnite separable extensions k' of k, and these groups are killed by d. 
This yields a slight generalization of [LA141 Prop. 1.1], via a different approach. 


End of the proof of Theorem 11.11 

Recall from our reductions in Section [2] that we may assume to be a smooth 
commutative unipotent group, a torus, or an abelian variety. We will rather denote 
by N, and 7 ro(G) by Q. 

We hrst assume in addition that char(f) = 0 if V is unipotent. Then the nth power 
map 

un ■ N —y N, X I —> 

is an isogeny for any positive integer n. Consider an extension ([T]) and denote by 7 its class 
in Ext^(Q, V). Bv Lemma 13.11 we may choose n so that ny = 0 . Also, ny = (nAr)*(y) 
(the pushout of y by un)] moreover, the exact sequence of commutative algebraic groups 

1 -^ N[n] -^ N N -^ 1 

yields an exact sequence 

Ext^(Q,V[n]) -^ Ext^(Q,V) Ext^(Q,V) 

in view of [SGA31 XVII.App. 1.2.1]. Thus, there exists a class y' G Ext^(Q, V[n]) with 
pushout y, i.e., we have a commutative diagram of extensions 

1 —^V[n]— >G' — >Q —^ 1 

id 

1 ^ N — >G^Q^ 1, 
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where the square on the left is cartesian. It follows that G' is a hnite subgroup of G, and 
G = N-G'. 

Next, we consider the remaining case, where N is unipotent and char(A;) = p > 0. 
In view of our hnal reduction at the end of Section 2, we may further assume that N is 
killed by p. Then there exists an etale isogeny N ^ Ni, where Ni is a vector group (see 
|CGP15( Lem. B.1.10]). This yields another commutative diagram of extensions 


1 


■N- 


G^Q 


1 


id 


1 1 . 

Assume that there exists a hnite subgroup Fi of Gi such that Gi = A^i ■ Fi. Let F be the 
pullback of Fi to G; then F is a hnite subgroup, and one checks that G = ■ F by using 

Lemma [2. II fivi. Thus, we may hnally assume that N is a vector group. 

Under that assumption, the A^-torsor G —)■ Q is trivial, since Q is affine. Thus, we 
may choose a section s : Q —)■ G. Also, we may choose a hnite Galois extension of helds 
K/k such that Qk is constant. Then s yields a section sk '■ Qk —t Gki equivariant under 
the Galois group Vk '■= Gal(F/fc). So we may view G{K) as the set of the ys{x), where 
y G N{K) and x G Q{K), with multiplication 


ys{x)y's{x') = yy'^ c{x,x') s{xx'), 

where c G Z^{Q{K), N{K))^^. Gonsider the (abstract) subgroup H C N{K) generated 
by the c{x',x''Y, where x,x',x'' G Q{K). Then H is hnite, since N{K) is killed by p 
and Q{K) is hnite. Moreover, H s{Q{K)) is a subgroup of G{K), in view of the above 
formula for the multiplication. Glearly, Hs{Q{K)) is hnite and stable under Tk', thus, 
it corresponds to a hnite (algebraic) subgroup G' of G. Also, we obtain as above that 
G = N ■ G'. This completes the proof of Theorem 11.11 


Remark 3.3. If fc is perfect, then the subgroup F as in Theorem II. ll mav be chosen etale. 
Indeed, the reduced subscheme Fred is then a subgroup by |SGA3( VIA.0.2]. Moreover, 
G{k) = G°(fc)Fred(fc), and hence G = G° • Fred in view of Lemma I2T] (v). 

In contrast, when k is imperfect, there exists a hnite group G admitting no etale 
subgroup F such that G = G^ ■ F. Gonsider for example (as in |SGA31 VIA. 1.3.2]) the 
subgroup G of Ga^k dehned by the additive polynomial —tX^, where p := char(fc) and 
t G k\kP. Then G has order and G° has order p. If G = G°-F with F etale, then G°nF 
is trivial. Thus, G = G° xi F and F has order p. Let K := fc(t^/^), then Fx is contained 
in (Gi^)red, which is the subgroup of Ga,ic dehned by the additive polynomial X^ — F^^X. 
By counting dimensions, it follows that Fk = (Gi^)red, which yields a contradiction as 
(G/f)red is not dehned over k. 


Remark 3.4. One may obtain information on the defect group V O F by examining the 
steps in the proof of Theorem 11.11 and combining Remarks 12 . 3112.51 and 12.71 For instance, 
if G is smooth, then V 0 F is an extension of the Weyl group W (G*^, T) by the nilpotent 
group Zgo(T) OF, where T is a maximal torus of G. If char(fc) = 0 (so that G is smooth), 
then Zqo{T)P[F is commutative. Indeed, Zqo(T) is a connected nilpotent algebraic group, 
and hence an extension of a semi-abelian variety S by a connected unipotent algebraic 
group U. Thus, f/ fl F is trivial, and hence Zqo{T) fl F is isomorphic to a subgroup of S. 



















Remark 3.5. When k is finite, Theorem 11.11 follows readily from onr first reduction step 
(Lemma I2.2p together with a theorem of Lang, see |La56l Thm. 2]. More specifically, let 
iL be a smooth algebraic group and choose representatives xi,... ,Xm of the orbits of the 
Galois group L := Gal{k/k) in 7iQ{H)(k). Denote by L, C L the isotropy group of xt and 
set ki := for z = 1,..., m. Then Xi G Tio{H){ki), and hence the fiber (a torsor 

under H^ ) contains a fcj-rational point. Consider the subfield K := nr=i Then 

the finite etale group scheme is constant, and vr is surjective on iL-rational points. 

Thus, 7^o{H) has a quasi-complement in H: the finite etale group scheme corresponding 
to the constant, T-stable subgroup scheme H{K) of Hk- 


4 Some applications 


We first recall two classical results on the structure of algebraic groups. The first one is the 
affinization theorem (see |DG701 III.3.8] and also |SGA31 VIB.12.2]): any algebraic group 
G has a smallest normal subgroup H such that G/H is affine. Moreover, H is smooth, 
connected and contained in the center of we have 0{H) = k (such an algebraic group 
is called anti-affine) and 0{G/H) = 0(G). 

As a consequence, H is the fiber at cq of the affinization morphism G —)■ SpecO(G); 
moreover, the formation of H commutes with arbitrary field extensions. Also, note that 
H is the largest anti-affine subgroup of G; we will denote H by Gant- The structure of 
anti-affine groups is described in |Br09j and |SS09j . 

The second structure result is a version of a theorem of Ghevalley, due to Raynaud 
(see |Ra7ni Lem. IX.2.7] and also |BLR9nt 9.2 Thm. 1]): any connected algebraic group G 
has a smallest affine normal subgroup N such that G/N is an abelian variety. Moreover, 
N is connected; if G is smooth and k is perfect, then N is smooth as well. We will denote 
N by Gaff. 

We will also need the following observation: 


Lemma 4.1. Let G he an algebraic group, and N a normal subgroup. Then the guotient 
map f : G ^ G/N yields an isomorphism Gant/(Gant H N) = (G/A^)ant- 

Proof. We have a closed immersion of group schemes Gant /( Gant G 77) —t G/N] moreover, 
Gant/(Gant G N) is anti-affiue. So we obtain a closed immersion of commutative group 
schemes i : Gant/(Gant G A^) —)■ (G/A^)ant- The cokernel of i is anti-affine, as a quotient 
of (G/A^)ant- Also, this cokernel is a subgroup of (G/A^)/(Gant/(Gant G A^)), which is a 
quotient of G/Gant- Since the latter is affine, it follows that Goker(z) is affine as well, by 
using |SGA3( VIB.11.17]. Thus, Goker(z) is trivial, i.e., i is an isomorphism. □ 


We now obtain a further version of Ghevalley’s structure theorem, for possibly non- 
connected algebraic groups: 

Theorem 4.2. Any algebraic group G has a smallest affine normal subgroup N such that 
G/N is proper. Moreover, N is connected. 

Proof. It suffices to show that G admits an affine normal subgroup N such that G/N is 
proper. Indeed, given another such subgroup N', the natural map 

G/{N n N') —^ G/N X G/N' 
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is a closed immersion, and hence G/{N fl N') is proper. Taking for N a minimal such 
subgroup, it follows that N is the smallest one. Moreover, the natural morphism G/N^ —)■ 
G/N is hnite, since it is a torsor under the hnite group N/N^ (see |SGA3( VIA.5.3.2]). 
As a consequence, G/N^ is proper; hence N = by the minimality assumption. Thus, 
N is connected. 

Also, we may reduce to the case where G is smooth by using the relative Frobenius 
morphism as in the proof of Lemma 12.21 

If in addition G is connected, then we just take N = Gaff. In the general case, 
we consider the (possibly non-normal) subgroup H := (G°)aff; then the homogeneous 
space G/H is proper, since G/G° is hnite and G^/H is proper. As a consequence, the 
automorphism functor of G/H is represented by a group scheme Autc/H, locally of hnite 
type; in particular, the neutral component Aut^/j:^ is an algebraic group (see |M067i 
Thm. 3.7]). The action of G by left multiplication on G/H yields a morphism of group 
schemes 

(p : G —)■ AvAg/h- 

The kernel V of (p is a closed subscheme of 77, and hence is affine. To complete the proof, 
it suffices to show that G/V is proper. In turn, it suffices to check that (G/V)° is proper. 
Since (G/V)° = G°/(G° fl V), and G° fl V is the kernel of the restriction G° —?• Autg^j;^, 
we are reduced to showing that Aut^^^ is proper (by using |SGA3( VIA.5.4.1] again). 

We claim that Aut^/j;^ is an abelian variety. Indeed, (G/H)]^ is a hnite disjoint union 
of copies of (G°/i7)fc, which is an abelian variety. Also, the natural morphism A —)• Aut)]^ 
is an isomorphism for any abelian variety A. Thus, (Aut^/ji^jg is an abelian variety (a 
product of copies of {G^/H)i)] this yields our claim, and completes the proof. □ 

Remark 4.3. The formation of Gaff (for a connected group scheme G) commutes with 
separable algebraic held extensions, as follows from a standard argument of Galois descent. 
But this formation does not commute with purely inseparable held extensions, in view of 
ISGA31 XVII.C.5]. 

Likewise, the formation of N as in Theorem 14.21 commutes with separable algebraic 
held extensions. As a consequence, N = (G'^jaff for any smooth group scheme G (since 
(G°)aff is invariant under any automorphism of G, and hence is a normal subgroup of G 
when k is separably closed). In particular, if k is perfect and G is smooth, then N is 
smooth as well. 

For an arbitrary group scheme G, we may have N ^ (G‘’)aff, e.g. when G is inhnitesi- 
mal: then N is trivial, while (G°)aff = G. 

We do not know if the formations of Gaff and N commute with arbitrary separable 
held extensions. 

The structure of proper algebraic groups is easily described as follows: 

Proposition 4.4. Given a proper algebraic group G, there exists an abelian variety A, a 
finite group F eguipped with an action F —)■ Aut^ and a normal subgroup D <Z F such 
that D acts faithfully on A by translations and G = {A y<\ F)/D, where D is embedded in 
Ay<\ F via x {x, x~^). Moreover, A = Gant and F/D = G/Gant are uniguely determined 
by G. Finally, G is smooth if and only if F/D is etale. 
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Proof. Note that Gant is a smooth connected proper algebraic group, and hence an abelian 
variety. Moreover, the quotient group G/Gant is affine and proper, hence hnite. By 
Theorem ll.il there exists a hnite subgroup F <Z G such that G = Gant • F. In particular, 
G = (F X Gant)/(F n Gant); this implies the existence assertion. For the uniqueness, just 
note that 0{G) = 0{G/A) = 0{F/D), and this identihes the affinization morphism to 
the natural homomorphism G ^ F/D, with kernel A. 

If G is smooth, then so is G/A = F/D] as F/D is hnite, it must be etale. Since the 
homomorphism G ^ F/D is smooth, the converse holds as well. □ 

Remark 4.5. The simplest examples of proper algebraic groups are the semi-direct prod¬ 
ucts G = A><i F, where F is a hnite group acting on the abelian variety A. If this action is 
non-trivial (for example, if A is non-trivial and F is the constant group Z/2Z acting via 
X I—)■ then every morphism of algebraic groups f : G ^ H, where H is connected, 

has a nontrivial kernel. (Otherwise, A is contained in the center of G by the affinization 
theorem). This yields examples of algebraic groups which admit no faithful representation 
in a connected algebraic group. 

Remark 4.6. With the notation and assumptions of Proposition ITTl consider a subgroup 
H <Z G and the homogeneous space X := G/H. Then there exists an abelian variety B 
quotient of A, a subgroup I G F containing D, and a faithful homomorphism I —)■ Aut^ 
such that the scheme X is isomorphic to the associated hber bundle F B. Moreover, 
the schemes F/J and B are uniquely determined by X, and X is smooth if and only if 
F/I is etale. 

Indeed, let K := A- H, then X = G K/H = F x^ K/H, where I := FnK. 
Moreover, K/FI = A/(An FI) is an abelian variety. This shows the existence assertion; 
those on uniqueness and smoothness are checked as in the proof of Proposition 14.41 

Conversely, given a hnite group F and a subgroup / C F acting on an abelian variety 
F, the associated hber bundle F x^ B exists (since it is the quotient of the projective 
scheme F x F by the hnite group /), and is homogeneous whenever F/I is etale (since 
(F F)fc is just a disjoint union of copies of B^). We do not know how to characterize 
the homogeneity of F F when the quotient F/I is arbitrary. 

Returning to an arbitrary algebraic group G, we have the “Rosenlicht decomposition” 
G = Gant • Gaff wheu G is connected (see e.g. |Br09j ). We now extend this result to 
possibly nonconnected groups: 

Theorem 4.7. Let G be an algebraic group. Then there exists an affine subgroup H of G 
such that G = Gant ■ H. If G is smooth and k is perfect, then H may be chosen smooth. 

Proof. By Theorem 14.21 we may choose an affine normal subgroup N G G such that 
G/N is proper. In view of Proposition 14.41 there exists a hnite subgroup F of G/N such 
that G/N = (G/A^)ant • F, and (G/A^)ant is an abelian variety. Let H be the subgroup 
of G containing N such that G/H = F. Then H is affine, since it sits in an extension 
l^A^—j-F—;-F—)-l. We check that G = Gant • H by using Lemma 12.11 (iv). Let S be 
a scheme, and g G G(S'). Denote by g' the image of g in {G/N){S). Then there exist a 
faithfully hat morphism of hnite presentation S' ^ S and x' G (G/F)ant(5"), y' G F{S') 
such that g' = x'y' in {G/N){S'). Moreover, in view of Lemma 14.11 x' lifts to some 
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x” G Gant (*5"'), where S” S' is faithfully flat of hnite presentation. So G G{S") 

lifts y', and hence g G Gs,nt{S")H{S"). 

If G is smooth and k is perfect, then N may be chosen smooth by Theorem 14.21 again: 
also, F may be chosen smooth by Remark 13.31 Then H is smooth as well. □ 

We now derive from Theorem 14.71 a generalization of our main theorem 11.11 under 
the additional assumption of characteristic 0 (then reductivity is equivalent to linear 
reductivity, also known as full reducibility): 

Corollary 4.8. Every extension m with reductive quotient group Q is quasi-split when 
char(/c) = 0. 

Proof. Choose an affine subgroup H G G such that G = Gant ■ H and denote by Ru{H) its 
unipotent radical. By a result of Mostow (see |Mo561 Thm. 6.1]), FI has a Levi subgroup, 
i.e., a fully reducible algebraic subgroup L such that H = Ru{H) xi L. Note that Ru{H) 
is normal in G, since it is normalized by H and centralized by Gant- It follows that 
Gant • Ru{H) is normal in G, and G = (Gant ■ Ru{H)) ■ L. Also, note that the quotient 
map f : G ^ Q sends Gant to eg (since Q is affine), and Ru{H) to eg as well (since Q is 
reductive). It follows that the sequence 

1 —> NHL — 

is exact, where N = Ker(/). If fl L has a quasi-complement if in L, then if is a 
quasi-complement to in G (as follows e.g. from Lemma [2]T] (v)). Thus, we may assume 
that G is reductive. Since every quasi-complement to in G is a quasi-complement to 
N, we may further assume that N is connected. 

We have a canonical decomposition 

G° = D(G°) ■ R(G°), 

where the derived subgroup D{G^) is semisimple, the radical i?(G°) is a central torus, and 
D(G°)nR(G°) is hnite (see e.g. [RHMl XXIL6.2.4]). Thus, G = Z1(G°)-(R(G°)-F), where 
F C G is a quasi-complement to G°. Likewise, N = D{N) ■ R{N), where D{N) C D{G^), 
R{N) C R{G^) and both are normal in G. Denote by S the neutral component of the 
centralizer of D{N) in D(G°). Then S' is a normal semisimple subgroup of G, and a quasi¬ 
complement to D{N) in D{G^). If R{N) admits a quasi-complement T in i?(G°) ■ F, then 
one readily checks that S' • T is a quasi-complement to N in G. As a consequence, we may 
assume replace G with R(G°) • F, and hence assume that G° is a torus. 

Denote by X*(G°) the character group of G^; this is a free abelian group of hnite rank, 
equipped with a continuous action of F{k) xi T, where T denotes the absolute Galois group 
of k. Moreover, we have a surjective homomorphism p : X*(G°) —)■ X*{N), equivariant for 
F{k) XIT. Thus, p splits over the rationals, and hence there exists a subgroup A C X*(G°), 
stable by F{k) xi T, which is mapped isomorphically by p to a subgroup of hnite index 
of X*[N). The quotient X*(G°)/A corresponds to a subtorus H C G°, normalized by G, 
which is a quasi-complement to 77 in G°. So iL ■ F is the desired quasi-complement to N 
in G. □ 
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Remark 4.9. Corollary 14.81 does not extend to positive characteristics, due to the exis¬ 
tence of groups without Levi subgroups (see |CGP151 App. A.6], |Mcl01 Sec. 3.2]). As 
a specihc example, when k is perfect of characteristic p > 0, there exists a non-split 
extension of algebraic groups 


1 ^ 1/ ^ G A SLa ^ 1, 

where C is a vector group on which SL 2 acts linearly via the Frobenius twist of its adjoint 
representation. We show that this extension is not quasi-split: otherwise, let iL be a 
quasi-complement to N in G. Then so is the reduced neutral component of R, and hence 
we may assume that H is smooth and connected. The quotient map / restricts to an 
isogeny H —)■ SL 2 , and hence to an isomorphism. Thus, the above extension is split, a 
contradiction. 

Next, we obtain an analogue of the Levi decomposition (see |Mo56j again) for possibly 
nonlinear algebraic groups: 

Corollary 4.10. Let G be an algebraic group over a field of characteristic 0. Then 
G = R - S, where R <Z G is the largest connected solvable normal subgroup, and S G G is 
an algebraic subgroup such that is semisimple; also, Rn S is finite. 

Proof. By a standard argument, G has a largest connected solvable normal subgroup R. 
The quotient G/R is affine, since R D Gant- Moreover, R/G^nt contains the radical of 
G/Gant, and hence {G/Rfi is semisimple. In particular, G/R is reductive. So Corollary 
14.81 yields the existence of the quasi-complement S. □ 

Remark 4.11. One may ask for a version of Corollary 14. 101 in which the normal subgroup 
R is replaced with an analogue of the unipotent radical of a linear algebraic group, and 
the quasi-complement S is assumed to be reductive. But such a version would make little 
sense when G is an anti-affine semi-abelian variety (for example, when G is the extension 
of an abelian variety A by associated with an algebraically trivial line bundle of 
inhnite order on A). Indeed, such a group G has a largest connected reductive subgroup: 
its maximal torus, which admits no quasi-complement. 

Also, recall that the radical R may admit no complement in G, e.g. when G = CL„ 
with n >2. 

Finally, one may also ask for the uniqueness of a minimal quasi-complement in Corol- 
larv I4.inl up to conjugacy in R{k) (as for Levi complements, see jMo561 Thm. 6.2]). But 
this fails when k is algebraically closed and G is the semi-direct product of an abelian 
variety A with a group F of order 2. Denote by a the involution of A induced by the 
non-trivial element of F; then R = A, and the complements to i? in G are exactly the 
subgroups generated by the involutions xa where x E A~'^(k), i.e., a(x) = x~^. The 
action of R(k) on complements is given by yxay~^ = xya{y)~^a] moreover, the homo¬ 
morphism A —)■ A~‘^, y I—)■ ya{y)~^ is generally not surjective. This holds for example 
when A= [B x B)/G, where R is a nontrivial abelian variety, G is the subgroup of R x R 
generated by {xo,Xo) for some Xq E B{k) of order 2, and a arises from the involution 
{x,y) I—)■ {y~^,x~^) of R X R; then A~^ has 2 connected components. 
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Another consequence of Theorem 14.71 concerns the case where k is hnite; then every 
anti-affine algebraic group is an abelian variety (see |Br091 Prop. 2.2]). This yields readily: 

Corollary 4.12. Let G be an algebraic group over a finite field. Then G sits in an 
extension of algebraic groups 

1 —> F —> AxH — >G —^1, 

where F is finite, A is an abelian variety, and H is affine. If G is smooth, then H may 
be chosen smooth as well. 

Returning to an arbitrary base held, we dually obtain the existence of equivariant 
compactihcations of homogeneous spaces: 

Theorem 4.13. Let G be an algebraic group, and H a closed subgroup. Then there exists 
a projective scheme X eguipped with an action ofG, and an open G-eguivariant immersion 
G/H ^ X with schematically dense image. 

Proof. When G is affine, this follows from a theorem of Chevalley asserting that H is 
the stabilizer of a line L in a hnite-dimensional G-module V (see |SGA31 VIB.11.16]). 
Indeed, one may take for X the closure of the G-orbit of L in the projective space of lines 
of V; then X satishes the required properties in view of [DG7n( III.3.5.2]. Note that X is 
equipped with an ample G-linearized invertible sheaf. 

When G is proper, the homogeneous space G/IL is proper as well, and hence is projec¬ 
tive by |Ra70t Cor. VI.2.6] (alternatively, this follows from the structure of X described 
in Remark 14.51) . 

In the general case. Theorem 14.21 yields an affine normal subgroup N of G such that 
G/N is proper. Then N ■ H is a. subgroup of G, and G/{N ■ H) is proper as well, hence 
projective. It suffices to show the existence of a projective scheme Y equipped with an 
action of N ■ H, an open immersion {N ■ H)/H —)• Y with schematically dense image, 
and a N ■ TT-linearized ample line bundle: indeed, by |MFK1 Prop. 7.1] applied to the 
projection G x Y ^ Y and the N ■ i7-torsor G ^ G/{N ■ H), the associated hber bundle 
G x^'^Y yields the desired equivariant compactihcation. In view of Chevalley’s theorem 
used in the hrst step, it suffices in turn to check that N ■ H acts on [N ■ H)/H via an 
affine quotient group; equivalently, {N ■ i7)ant C H. 

By Lemma ITTl {N ■ i7)ant is a quotient of [N x i7)ant- The latter is the hber at the 
neutral element of the affinization morphism N x H ^ SpecO{N xi H). Also, N x H = 
N X H as schemes, N is affine, and the affinization morphism commutes with products; 
thus, (iV XI iPjant = -ffant- As a cousequeuce, (iV • i7)ant = hfant; this completes the 
proof. □ 

Remark 4.14. When char(/c) = 0, the equivariant compactihcation X of Theorem 14.131 
may be taken smooth, as follows from the existence of an equivariant desingularization 
(see |Ko071 Prop. 3.9.1, Thm. 3.36]). 

In arbitrary characteristics, X may be taken normal if G is smooth. Indeed, the 
G-action on any equivariant compactihcation X stabilizes the reduced subscheme Xred 
(since G x Wed is reduced), and lifts to an action on its normalization X (since G x X 
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is normal). But the existence of regular compactifications (equivariant or not) is an open 
question. 

Over any imperfect field k, there exist smooth connected algebraic groups G having 
no smooth compactihcation. Indeed, we may take for G the subgroup of Ga x Ga dehned 
by — 1/ — tx^ = 0, where p := char (A;) and t & k\kP. This is a smooth affine curve, 
and hence has a unique regular compactihcation X. One checks that X is the curve 
{y^ — yz^~^ — tx^ = 0) C P^, which is not smooth at its point at inhnity. 
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